Algebra / Algebre 



Graded algebras and multilinear forms 

Michel Dubois- Violette 

^ Laboratoire de Physique Theorique, UMR 8627, Universite Paris XI, Bdtiment 210, F-91 405 Orsay Cedex, France 



Abstract 

We give a description of the connected graded algebras which are finitely generated and presented of global 
dimension 2 or 3 and which are Gorenstein. These algebras are constructed from multilinear forms. We generalize 
the construction by associating homogeneous algebras to multilinear forms. The homogeneous algebras which are 
Koszul of finite global dimension and which are Gorenstein are of this type. 
Resume 

Algebres graduees et formes multilineaires. Nous donnons une description des algebres graduees connexes 
de presentation finie et de dimension globale 2 ou 3 qui sont Gorenstein. Ces algebres sont construites a par- 
tir de formes multilineaires. Cette construction est generalisee en associant des algebres homogenes aux formes 
multilineaires. Sont de ce type les algebres homogenes Koszul-Gorenstein de dimension globale finie. 



Version frangaise abregee On s'interesse aux algebres graduees connexes de presentation finie sur un 
corps K algebriquement clos de caracteristique zero. Une telle algebre engendree par un nombre fini 
d'elements en degre 1 qui est de dimension globale D ^ 2 ou D — 3 et qui est Gorenstein est A''- 
homogene et Koszul avec N = 2 pour D = 2 et iV > 2 pour D — 3, [5]. Pour _D = 2, on a le resultat 
suivant. Soit B une forme bilineaire non degeneree sur K'^ de composantes B^^ dans la base canonique. 
L'algebre quadratique A engendree par les elements (A G {1, . . . , q}) avec relation B^^x'^x'^ = (on 
utilise partout la convention usuelle de sommation sur les indices repetes en haut et en bas) est Koszul 
de dimension globale 2 et Gorenstein. Inversement, toute algebre quadratique engendree par q elements 
x^ qui est Koszul de dimension globale 2 et Gorenstein est de ce type pour une forme bilineaire non 
degeneree B sur K*. Nous aurons besoin des concepts suivants pour les formes multilineaires. Soit V un 
espace vectoriel et n un entier avec n > 1; une forme {n + l)-lineaire W sur V sera dite prereguliere si 
elle verifie les conditions (i) et (m) suivantes : 

[i) Six eV est tel que W{X, Xi,...,Xn) =0 pour tout Xi,...,Xn eV alors X = 0, 
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(m) 3Qw G GL{V) tel que W{Xo, X^-i, X„) = W{QwXn, Xo,..., X^-i) pour tout Xq, . . . , Xr, € V. 
Soit A'" un entier avec N > 2; une forme {N + l)-lineaire sur V sera dite 3-reguUere si elle est prereguliere 
et verifie la condition (iii) suivante : 

(iii) Si I/O; Li e End(y) sont tels que W{LoXo, Xi,X2, ■ ■ . , X^) = W{Xo, L\X\,X2, ■ ■ ■ , Xn) pour tout 

Xq, . . . , Xn G V alors Lq = Li ^ XI avec A G K. 

Pour D = 3, on a le resultat suivant. Soit W une forme {N + l)-lineairc 3-reguliere sur de composantes 
W\g . . . A„ dans la base canonique. L 'algebre N-homogene A engcndree par les elements (X G {1, . . . ,q}) 
avec relations W\\^,,,\,^x^^ . . . x^'^ = ('A G {1, . . . , q}) est Koszul dc dimension globalc 3 et Gorcnstein. 
Inversement, toute algebre N-homogene engendree par q elements x^ qui est Koszul de dimension globale 
3 et Gorenstein est de ce type pour une forme {N + l)-lineaire 3-reguliere W sur K'^. Cela suggere la 
construction gcncralc suivante. Soicnt m ct N deux cnticrs tcls que m > iV > 2 ct soit W ^ une forme 
m-lincairc sur W, on dcfinit I'algcbrc A^-homogcnc A{W, N) commc I'algcbrc engcndree par q elements 
x^ avec relations M^Ai...A„_^-/ii.../jjv2;^^ • • • = (A, A^ G {1, . . . , q}). Les resultats precedents admettcnt 
la generalisation partielle suivante. Soit A une algebre N-homogcnc qui est Koszul dc dimension globale 
finie D et qui est Gorenstein; on a A — A(W, N) pour une forme m-lincairc prereguliere W sur K^, 
q = dim{Ai). Pour N > 3 on a m = Np + 1 ct D = 2p + 1 pour un entier p > 1 tandis que pour N = 2 
on a m = D. ha derniere partie dc cet enonce, qui implique que pour les dimensions globales paires 
les algebres homogenes Koszul- Gorenstein sont quadratiques, est un cas particulier d'un resultat de [5] 
(proposition 5.3). 



1. Introduction 

One of our aims is to study the connected graded algebras which are finitely generated in degree 1 and 
finitely presented with relations of degrees > 2 and which are of low global dimension D, D = 2 and 
D = 3. We further impose to these algebras to be Gorenstein. As pointed out in [5] (Proposition 5.2) such 
an algebra is iV-homogeneous and Koszul with iV = 2 for £> = 2 and A'' > 2 for D = 3. Our second more 
general objective is the study of the A/'-homogeneous algebras {N > 2) which are Koszul of arbitrary 
finite global dimension D > 2 and which are Gorenstein. For D = 2, it is shown in Section 2 that these 
algebras are classified by the nondegenerate bilinear forms modulo the action of the linear group. For 
D = 3, we show in Section 3 that these algebras are classified by nondegenerate (A^ + l)-linear forms 
satisfying a regularity condition called 3-regularity modulo the action of the linear group. In Section 4 
we introduce and study homogeneous algebras associated with multilinear forms. It is pointed out that 
the Koszul homogeneous algebras of finite global dimension D which are Gorenstein belong to this class 
which generalizes the previous results for D = 2,3. 

Throughout the paper K denotes a field which is algebraically closed, of characteristic zero and all the 
algebras and vector spaces are over K. In the following A^, D and q denote integers greater than or equal 
to 2 and we use the Einstein summation convention of repeated up down indices in the formulas. For 
the notion of koszulity for homogeneous algebras introduced in [3] we refer to [3] and to [4]. For Koszul 
duality, Koszul A''- complexes... for A/'- homogeneous algebras we refer to [4]; our notations are those of [4]. 



2. Global dimension D = 2 

As explained in the introduction, the connected graded algebras which are finitely generated in degree 
1 and finitely presented of global dimension 2 and which are Gorenstein are the quadratic Koszul algebras 
of global dimension 2 which are Gorenstein. These algebras are characterized by the following theorem. 
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Theorem 2.1 Let B be a nondegenerate bilinear form on {q > 2) with components Bf^^ = B{e^, e^) 

in the canonical basis (e\)xe{i q} ofK.'^. Then the quadratic algebra A generated by the elements (A G 
{!,..., q]) with the relation B^^^x'^x'^ = is Koszul of global dimension 2 and Gorenstein. Conversely, 
any quadratic algebra generated by q elements which is Koszul of global dimension 2 and Gorenstein 
is of the above kind for some non degenerate bilinear form B on . Two nondegenerate bilinear forms 
on W which are on the same GL{q,K)-orbit correspond to isomorphic algebras. 

Proof . Let A be the quadratic algebra generated by the x^ with the relation B^^xi^x^ = 0. Then the dual 
quadratic algebra A' is generated by elements y\{\ G {1, . . . , <?}) with relations yp?y,y = {l/q)Bf^i,BP'^yTyp 
where -B^'' are the matrix elements of the inverse of the matrix [B^v); i.e. B^xB^'^ = (5j^. It follows that 
^j) = Kl ~ K, Ji^ = ®xKyx 1K«, .4^ = KBl^^yo^yn ~ K and = for n > 3. The Koszul complex of 
A reads 

Q^A^'^A'i^A^Q (1) 

where A'^ = {A^ . . . ,A), x is right multiplication by the column {x^) while x^B is right multiplication 
by the; line (x'' B^^y). This complex is acyclic in degrees > 1 so the algebra A is Koszul. The Gorenstein 
property follows by transposition and by using the invertibility of the matrix [B^,^). 

Assume now that ^ is a quadratic algebra generated by elements x'^ (A e {1, . . . , q}) which is Koszul of 
global dimension 2 and Gorenstein. Then the Gorenstein property implies that the space of the quadratic 
relations of A is of dimension 1, i.e. that the relations of A read B^^x^x'^ = for some non zero bilinear 
form B on K^. The Koszul complex reads again as (1) and the Gorenstein property implies that the matrix 
{Bfj_^) is invertible, i.e. that B is nondegenerate. The fact that A does only depend on the K)-orbit 
of B is straightforward. □ 

For 5 > 3 the algebra has exponential growth while for g = 2 it has polynomial growth so is regular 
in the sense of [1]. In the latter case it is easy to classify the G'i(2, IK)-orbits of nondegenerate bilinear 
forms on according to the rank of their symmetric part [10] and one recovers the usual description of 
regular algebras of global dimension 2, [12], [1]. 

The algebra A of Theorem 2.1 corresponds to the natural quantum space for the action of the quantum 
group of the nondegenerate bilinear form defined in [10]. 



3. Global dimension JD = 3 

In order to state the analog of Theorem 2.1 for homogeneous algebras which are Koszul of global 
dimension 3 and which are Gorenstein, we need the following concepts for multilinear forms. 
Definition 3.1 Let V be a vector space and n be an integer with n>l. A {n + 1) -linear form WonV 
will be said to be preregular iff it satisfies the following conditions (i), (ii). 

(i) If X gV is such that one has W{X,Xi, . . . ,X„) = for any Xi, . . . ,X„ G V, then X = 0. 

(ii) There is an invertible linear transformation Qw € GL{V) such that one has 

W{Xo, . . . ,Xn-l,Xn) = W{QwXn,Xo, ■ ■ ■ , Xn-l) 

for any Xq, . . . ,X„ e F. 

Let W be a preregular {n + l)-linear form on V. Then the Qw S GL{V) such that (ii) is satis- 
fied is unique and given any p € {0, . . . , n} the condition W{Xi, . . . , Xp, X, Xp+i, . . . , X„) = for any 
Xi, . . . , Xn £ V implies X = D. Furthermore the space of these W is stable by the action W 
of GL(V) defined by W^{Xo, . . . , Xn) = W{L-'^Xo, . . . , L-'^X-a) and one has Qw^^ = LQwL''^ for 
L e GL{V). Notice that a bilinear form is preregular iff it is nondegenerate. 
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Definition 3.2 Let N be an integer with N > 2. A {N + l)-linear form W on V will he said to he 

3-regular iff it is preregular and satisfies the following condition {Hi) . 

(Hi) If Lq,Li G End{V) are such that one has W{LqXq,Xi,X2, ■ ■ ■ tX^^) — W{Xq,LiXi,X2t ■ ■ ,X]^) 
for any Xq, . . . , Xjv € V, then Lq = Li = \t for some A G K. 

The subpace TZ^ {V) of all 3-regular {N + l)-linear forms on V is also stable by the action of GL{V). 
Theorem 3.3 Let W he a 3-regular {N + l)-linear form on IK^ with components Wao...Ajv = 
= W{exg, . . . ,e\fj) in the canonical hasis (eA)Ae{i,...,9} of W. Then the N -homogeneous algebra A 
generated by elements x^{X £ {1, . . . ,q}) with relations Wxxi...\n^^'^ ■ ■ ■ ^^'^ = (\ € {l,...,q}) is 
Koszul of global dimension 3 and Gorenstein. Conversely, any N -homogeneous algebra generated by q 
elements which is Koszul of global dimension 3 and Gorenstein is of the above kind for some 3-regular 
{N + \)-linear form W on IK*. Two 3-regular [N + l)-linear forms on W which are on the same 
GL(q,K.)- orbit correspond to isomorphic algebras. 

Proof. Let A be the A/'-homogeneous algebra generated by the with relation Wxx^,,,XfjX^^ . . . x^^ = 0. 
Then one has the complex 

O^A^W-^A^R'^'^' A^E-^A^K^O (2) 

where E = ®x^^, R = ®\^Wxxi...\nX^^ (g) . . . x'^'^ C E®'' , W is the one-dimensional subspace 

^Wxo...XnX^"®- ■ ■ of i^®""^' and where d is induced by a® (.x"®:/;^®. . .(8)a;") i-^ aa;°(g)(x^® . . .ig).x") 
of AC^E^"^'^ into A(>y'E'^" (the arrow ^ ^ K being induced by the projection onto the degree 0). By the 
very definition of A by generators and relations, the sequence (2) is exact at the first 3 terms from the 
right, exactness at A®W_ follows from preregularity while exactness at ^ ® -R is equivalent to (Hi) once 
preregularity is assTimcd. Thus Sequence (2) is exact, it is a free resolution of the trivial left ^-modiile 
K. It is easy to see then that = E iS) Rf) R (E) E so A is Koszul of global dimension 3 and (2) is the 
corresponding Koszul resolution. The Gorenstein property follows from (ii) with invertibility of Qw- 
Conversely given a A^-homogeneous algebra A which is Koszul of global dimension 3 and Gorenstein, the 
Koszul resolution of the trivial left ^-module K reads 

0-^ A(»{E(^RnR®E) A®R A®E S A-^K-^0 

and Gorenstein property imphes dim(ii' ig:' R C] R E) = 1 so E RCi RfS) E = KW for some W G i?®""*"' 
which (again via Gorenstein property) must satisfy conditions (i) and (ii) and therefore also (Hi). 
The fact that A does only depend on the GL(q, IK)-orbit of W is straightforward. □ 
The Poincare series of such a A^-homogeneous algebra A which is Koszul of global dimension 3 and 
which is Gorenstein is given by [2], [11] -PA(t) — (1 — qt + qt^ — 1^^^)~^ where q = dim(.Ai) as before. It 
follows that A has exponential growth if q-\- N > 5. The case q = 2 and = 2 is impossible so it remains 
the cases q = 3, N — 2 and q = 2, A^ = 3 for which one has polynomial growth [1]. These latter cases are 
the object of [1] and one encounters there various values of Qw in GL(3,K) and in GL(2,K). Examples 
with A^ = 3 and arbitrary values of q are the Yang-Mills algebra [7] and its deformations [9] for which 
Qw = 1 and the super Yang-Mills algebra and its deformations [9] for which Qw = — 1. 

4. Homogeneous algebras and multilinear forms 

Let m and N be two integers such that m > N > 2 and let be a m-linear form on with 
W 0. We denote by W_ the 1-dimensional space of multilinear forms spanned by W and let Wx^...x„^ = 

W(exi, . . . , e^m) be the components of W in the canonical basis (eA)Ae{i q} of IK''. Let A = A(W, N) 

be the A''-homogeneous algebra generated by elements x^ with relations Wai...a™_jvmi ■ mn^''' • • • ^^'^ = 
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(A, Aj S {1, • • • ,q}), in other words A{W,N) = A{E,R) with E = ®\Kx^ and with space of relations 
R = IKTFAi...A„_jvAii---(t*iv2^''^ iS) . . . (g) cc''" C i?® . The vector space E can be interpreted as the dual 
of and its basis (a;'**) as the dual basis of (e^) while W_ is the 1-dimensional subspace of i?®" spanned 
hyW e E^". To C E®"" we associate the family of subspaces W^"'^ C i;®"""", m > n > 0, defined by 
= W and W^"'^ = J^x^ IKWAi...A„^i...^^_„a;''i O . . . a;''"'-n for m > n > 1. Consider the sequence 

O^Wm^ W™_i A . . . 4 W2 ^ Wi ^ Wo ^ (3) 
of free left ^-modules and ^-niodule-homoniorphisms with W„ C ^ (8) -E® defined by 

f ^ (g) M^^™-") ifm > n > 
[A(E)E'^ iiN-l>n>Q 

and where the homomorphisms d are induced by the homomorphisms of A^E^"'''^ into A®E'^" defined 
by a ® (t;o (g ui ® . . . i-*- avo (g) (f i (g . . . (g for w > n > 0, a € ^ and Vi € E {= Ai). 
Proposition 4.1 Assume that the m-linear form W is preregular. Then Sequence (3) is a sub-N-complex 

of the Koszul N -complex K{A). 

Proof . One has VF^""-") C £;®""" ® R ior m > n > N . By Property {ii) of Definition 3.1, relations 
W^A„...A„_jvMi...M«a;'" • ■■x'^'^ = are equivalent to relations WA,+i...A„_„/ii...y:i„iyi...i/,a;^i . . .a;'*'^ = for 
m-N > r > 0. It follows that T^C™"") c E^"'''"' ®R®E®" so W„ C A®f)rE®''~''~^ ^R^E®" = Kn{A) 
for m. > n > N and one has the result. □ 

In the remaining part of this section W is assumed to be preregular, Qw denotes the corresponding 
element of GL(g,K) = GL{E*) and A = A{W,N) = A{E,R) is the A/'-homogeneous algebra defined 
above. One has W G n, i?™~^~'' iE)R(^E^ = so W composed with the canonical projection A!' — > A!:^ 
on degree m defines a linear form low on A: . 
Proposition 4.2 Let W,A,A!,Qw,^w be as above. 

(i) Qw G GL{E*) induces an automorphism aw of the N -homogeneous algebra A}, 
{ii) One has ujw{xy) = u>w{c^w{y)x) for x,y & A!' . 

Proof . Qw induces an automorphism aw of degree zero of the tensor algebra T{E*). Let x be in R^ i.e. 

X = p^i- -^"e^i (g) . . . (8)ep„ such that Wai...a„_„a«i...^„P'''-''" = 0, VA^. Then since W o = W one 

(VAi) which means that aw{x) is in R-^. Thus aw passes to the quotient and defines an automorphism 

aw of a' which proves (i). (ii) is then obvious in view of (ii) in Definition 3.1. □ 

Theorem 4.3 Let A be a N -homogeneous Koszul algebra of finite global dimension D which is Goren- 
stein. Then A = A{W,N) for some preregular m-linear form on K*, q = dim{A\). Furthermore if N >3 
then m = Np + 1 and £> = 2p + 1 for some integer p> I, while for N = 2 one has m = D. 

Proof . The Koszul resolution starts as ... A® A}^ '^—^ A® Ai -^^^IK^O and must end as 

^ A® »4j* »4 (g) * ... in view of the Gorenstein property. This implies either N — 2 and 

m = D OT if N > 2, m = Np + 1 and D = 2p+l for some integer p > 1. The Gorenstein property implies 
also that dim(^J;^) = 1 and dim(^J^_i) = q. Let be a generator of A}^ C Af^ . Identifying Al with 
K', is a m-linear form on K*, A^:^-i = W.^^^ and W satisfies Condition (i) of Definition 3.L Theorem 
5.4 of [5] implies then that = W^™"") for n = A^fc and n = A^A: + 1, A; S N. So, in particular the 
space of relations R = A!'^ coincides with W^'^~^^ which means that A = A{W,N). Condition (ii) of 
Definition 3.1 follows also (see e.g. Corollary 5.12 of [5]), so W is preregular. □ 

As example with N = 2 and m = D = 4, consider the algebra of [6] and [8]. This is the quadratic 
algebra generated by 4 elements a;^, Ae{0,l,2,3}, with relations 
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cos((po - (pk)[x",x''] = ism{ipi - (pm){x^,x"^} and cos{(pi - (pm)[x''' , x""-] = zsin(v5o - fk){x°,x''} 

for any cyclic permutation {k,£,m) of (1,2,3) and where {A,B} ~ AB + BA. This algebra is Koszul of 
global dimension 4 and Gorenstein whenever none of these six relations becomes trivial and then one has 
as explained in [6] , the nontrivial Hochschild cycle 



which may be considered as a 4-linear form on K''. One checks that one has = ^(W^, 2) and that 
Qw = — 1 here. 
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